Nonlinear Connections and Exact Solutions in Einstein and Extra
  Dimension Gravity by Vacaru, Sergiu I.
ar
X
iv
:m
at
h/
04
06
39
3v
1 
 [m
ath
.D
G]
  2
0 J
un
 20
04 Nonlinear Connections and Exact Solutions
in Einstein and Extra Dimension Gravity
Sergiu I. Vacaru
Departamento de Fisica, Instituto Superior Tecnico,
Av. Rovisco Pais 1, Lisbon 1049-001, Portugal,
and
Departamento de Fisica Aplicada,
Facultad de Ciencias Experimentales,
Universidad de Huelva, 21071 Huelva, Spain
November 23, 2018
Abstract
We outline a new geometric method of constructing exact solutions
of gravitational field equations parametrized by generic off–diagonal met-
rics, anholonomic frames and possessing, in general, nontrivial torsion
and nonmetricity. The formalism of nonlinear connections is elaborated
for (pseudo) Riemannian and Einstein–Cartan–Weyl spaces.
1 Introduction: Nonlinear Connections
We consider a (n+m)–dimensional manifold V n+m, provided with general met-
ric and linear connection structure and of necessary smooth class. It is sup-
posed that in any point u ∈ V n+m there is a local splitting into n− and m–
dimensional subspaces, V n+mu = V
n
u ⊕ V
mn
u . The local/abstract coordinates
are denoted u = (x, y), or uα =
(
xi, ya
)
, where i, j, k, ... = 1, 2, ..., n and
a, b, c, ... = n+ 1, n+ 2, ..., n+m. The metric is parametrized in the form
g = gij(u)e
i ⊗ ej + hab(u)e
a ⊗ eb (1)
where
ϑ
µ = [ϑi = dxi, ϑa = dya +Nai (u)dx
i] (2)
is the dual frame to
eν = [ei =
∂
∂xi
−Nai (u)
∂
∂ya
, ea =
∂
∂ya
]. (3)
Let us denote by pi⊤ : TV n+m → TV n the differential of a map pi : V n+m →
V n defined by fiber preserving morphisms of the tangent bundles TV n+m and
1
TV n. The kernel of pi⊤is just the vertical subspace vV n+m with a related inclu-
sion mapping i : vV n+m → TV n+m.
Definition 1 A nonlinear connection (N–connection) N on space V n+m is de-
fined by the splitting on the left of an exact sequence
0→ vV n+m → TV n+m → TV n+m/vV n+m → 0,
i. e. by a morphism of submanifolds N : TV n+m → vV n+m such that N ◦ i is
the unity in vV n+m.
Equivalently, a N–connection is defined by a Whitney sum of horizontal (h)
subspace (hV n+m) and vertical (v) subspaces,
TV n+m = hV n+m ⊕ vV n+m. (4)
A space provided with N–connection structure will be denoted V n+mN . We shall
use boldfaced indices for the geometric objects adapted to N–connections. The
well known class of linear connections consists a particular subclass with the
coefficients being linear on ya, i. e. Nai (u) = Γ
a
bj(x)y
b.
To any sets Nai (u), we can associate certain anholonomic frames (2) and (3),
with associated N–connection structure, satisfying the anholonomy relations
[ϑα,ϑβ ] = ϑαϑβ − ϑβϑα = W
γ
αβϑγ
with (antisymmetric) nontrivial anholonomy coefficientsW bia = ∂aN
b
i andW
a
ji =
Ωaij , where Ω
a
ij = e[iN
a
j] are the coefficients of the N–connection curvature.
Essentially, the method to be presented in this work is based on the notion
of N–connection and considers a Whitney-like splitting of the tangent bundle to
a manifold into a horizontal (see discussion and bibliography in Refs. [1, 2, 3]).
Here we emphasize that the geometrical aspects of the N–connection formalism
has been studied since the first papers of E. Cartan [4] and A. Kawaguchi [5, 6]
(who used it in component form for Finsler geometry), then one should be
mentioned the so called Ehressman connection [7]) and the work of W. Barthel
[8] where the global definition of N–connection was given. The monograph [9]
consider the N–connection formalism elaborated and applied to geometry of
generalized Finsler–Lagrange and Cartan–Hamilton spaces. There is a set of
contributions by Spanish authors, see, for instance, [10, 11, 12].
We considered N–connections for Clifford and spinor structures [13, 14], on
superbundles and (super) string theory [15] as well in noncommutative geome-
try and gravity [16]. The idea to apply the N–connections formalism as a new
geometric method of constructins exact solutions in gravity theories was sug-
gested in Refs. [17, 18] and developed and applied in a number of works, see
for instance, Ref. [19, 20, 21]). This contribution outlines the author’s and
co–authors’ results.
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2 N–distinguished Torsions and Curvatures
The geometric constructions can be adapted to the N–connection structure:
Definition 2 A distinguished connection (d–connection) D = {Γαβγ} on V
n+m
N
is a linear connection conserving under parallelism the Whitney sum (4).
Any d–connection D is represented by irreducible h- v–components Γαβγ =(
Lijk, L˜
a
bk, C
i
jc, C˜
a
bc
)
stated with respect to N–elongated frames (2) and (3).
This defines a N–adapted splitting into h– and v–covariant derivatives, D =
D[h] +D[v], where D[h] = (L, L˜) and D[v] = (C, C˜). A d–tensor (distinguished
tensor, for instance, a d–metric like (1)) formalism and d–covariant differen-
tial and integral calculus can be elaborated [1] for spaces provided with general
N–connection, d–connection and d–metric structure and nontrivial nonmetricity
Qαβ ⊜ −Dgαβ .
The simplest way is to use N–adapted differential forms like Γαβ = Γ
α
βγϑ
γ with
the coefficients defined with respect to (2) and (3).
Theorem 3 The torsion T α + Dϑα = dϑα + Γαβ ∧ ϑ
β of a d–connection has
the irreducible h- v– components (d–torsions),
T ijk = L
i
[jk], T
i
ja = −T
i
aj = C
i
ja, T
a
ji = Ω
a
ji,
T abi = T
a
ib =
∂Nai
∂yb
− Labi, T
a
bc = C
a
[bc]. (5)
Proof. By a straightforward calculation we can verify the formulas.
The Levi–Civita linear connection ∇ = {∇Γαβγ}, with vanishing torsion and
nonmetricity, is not adapted to the global splitting (4). One holds:
Proposition 4 There is a preferred, canonical d–connection structure, Γ̂, on
V n+mN , constructed only from the metric coefficients [gij , hab, N
a
i ] and satisfying
the conditions Q̂αβ = 0 and T̂
i
jk = 0 and T̂
a
bc = 0.
Proof. By straightforward calculations with respect to the N–adapted bases
(2) and (3), we can verify that the connection
Γ̂αβγ =
∇Γαβγ + P̂
α
βγ (6)
with the deformation d–tensor
P̂αβγ = (P
i
jk = 0, P
a
bk =
∂Nak
∂yb
, P ijc = −
1
2
gikΩakjhca, P
a
bc = 0)
satisfies the conditions of this Proposition. It should be noted that, in general,
the components T̂ ija, T̂
a
ji and T̂
a
bi are not zero. This is an anholonomic frame
(or, equivalently, off–diagonal metric) frame effect.
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The torsion of the connection (6) is denoted T̂αβγ . In a similar form we can
prove:
Theorem 5 The curvature Rαβ + DΓ
α
β = dΓ
α
β − Γ
γ
β ∧ Γ
α
γ of a d–connection
Γαγ has the irreducible h- v– components (d–curvatures),
Rihjk = ekL
i
hj − ejL
i
hk + L
m
hjL
i
mk − L
m
hkL
i
mj − C
i
haΩ
a
kj ,
Rabjk = ekL
a
bj − ejL
a
bk + L
c
bjL
a
ck − L
c
bkL
a
cj − C
a
bcΩ
c
kj ,
Rijka = eaL
i
jk −DkC
i
ja + C
i
jbT
b
ka, (7)
Rcbka = eaL
c
bk −DkC
c
ba + C
c
bdT
c
ka,
Rijbc = ecC
i
jb − ebC
i
jc + C
h
jbC
i
hc − C
h
jcC
i
hb,
Rabcd = edC
a
bc − ecC
a
bd + C
e
bcC
a
ed − C
e
bdC
a
ec.
Contracting the components of (7) we prove:
Corollary 6 a) The Ricci d–tensor Rαβ + R
τ
αβτ has the irreducible h- v–
components
Rij + R
k
ijk, Ria + −R
k
ika, Rai + R
b
aib, Rab + R
c
abc. (8)
b) The scalar curvature of a d–connection is
←−
R + gαβRαβ = g
ijRij + h
abRab.
c) The Einstein d–densor is computed Gαβ = Rαβ −
1
2gαβ
←−
R.
In modern gravity theories one considers more general linear connections
generated by deformations of type Γαβγ = Γ̂
α
βγ +P
α
βγ .We can split all geometric
objects into canonical and post-canonical pieces which results in N–adapted
geometric constructions. For instance,
Rαβ = R̂
α
β +DP
α
β + P
α
γ ∧ P
γ
β (9)
for Pαβ = P
α
βγϑ
γ .
3 Anholonomic Frames and Nonmetricity
in String Gravity
For simplicity, we investigate here a class of spacetimes when the nonmetricity
and torsion have nontrivial components of type
T + eα⌋T
α = κ0φ, Q +
1
4
gαβQαβ = κ1φ, Λ + ϑ
α
eβ⌋(Qαβ −Qgαβ) = κ2φ
(10)
where κ0, κ1, κ2 = const and φ = φαϑ
α. The abstract indices in (10) are
”upped” and ”lowed” by using ηα´β´ and its inverse defined from the vielbein
decompositions of d–metric, gαβ = e
α′
α e
β′
β ηα′β′ .
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Let us consider the strengthsHνµ + D̂νφµ−D̂µφν+W
γ
µνφγ (intensity of φγ)
and Ĥνλρ + eνBλρ+eρBνλ+eλBρν (antysimmetric torsion of the Bρν = −Bνρ
from the bosonic model of string theory with dilaton field Φ) and introduce
Hνλρ + Ẑνλρ + Ĥνλρ,
Ẑνλ + Ẑνλρϑ
ρ = eλ⌋T̂ν − eν⌋T̂λ +
1
2
(eν⌋eλ⌋T̂λ)ϑ
γ .
We denote the energy–momentums of fields:
Σ
[φ]
αβ + H
µ
α Hβµ −
1
4
gαβH
νµHνµ + µ
2(φαφβ −
1
2
gαβφνφ
ν),
µ2 = const, Σ
[mat]
αβ is the source from any possible matter fields and Σ
[T ]
αβ(T̂ν ,Φ)
contains contributions of torsion and dilatonic fields.
Theorem 7 The dynamics of sigma model of bosonic string gravity with generic
off–diagonal metrics, effective matter and torsion and nonmetricity (10) is de-
fined by the system of field equations
R̂αβ −
1
2
gαβ
←−
Rˆ = k(Σ
[φ]
αβ +Σ
[mat]
αβ +Σ
[T ]
αβ), (11)
D̂νH
νµ = µ2φµ, D̂ν(Hνλρ) = 0,
where k = const, and the Euler–Lagrange equations for the matter fields are
considered on background V n+mN ).
Proof. See details in Ref. [2].
In terms of differential forms the eqs. (11) are written
ηαβγ ∧ R̂
βγ = Υ̂α, (12)
where, for the volume 4–form η + ∗1 with the Hodje operator ”∗”, ηα + eα⌋η,
ηαβ + eβ⌋ηα, ηαβγ + eγ⌋ηαβ , ..., R̂
βγ is the curvature 2–form and Υα denote
all possible sources defined by using the canonical d–connection. The deforma-
tion of connection (6) defines a deformation of the curvature tensor of type (9)
but with respect to the curvature of the Levi–Civita connection, ∇Rβγ . The
gravitational field equations (12) transforms into
ηαβγ ∧
∇Rβγ + ηαβγ ∧
∇Zβγ = Υ̂α, (13)
where ∇Zβ γ = ∇P
β
γ + P
β
α ∧ P
α
γ .
Corollary 8 A subclass of solutions of the gravitational field equations for the
canonical d–connection defines also solutions of the Einstein equations for the
Levi–Civita connection if and only if ηαβγ ∧
∇Zβγ = 0 and Υ̂α =
∇Υα, (i. e.
the effective source is the same for both type of connections).
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Proof. It follows from the Theorem 7.
This property is very important for constructing exact solutions in Einstein
and string gravity, parametrized by generic off–diagonal metrics and ahnolo-
nomic frames with associated N–connection structure (see Refs. in [1, 2] and
[3]) and equations (13)).
Let us consider a five dimensional ansatz for the metric (1) and frame (2)
when uα = (xi, y4 = v, y5); i = 1, 2, 3 and the coefficients
gij = diag[g1 = ±1, g2(x
2, x3), g3(x
2, x3)], hab = diag[h4(x
k, v), h5(x
k, v)],
N4i = wi(x
k, v), N5i = ni(x
k, v) (14)
are some functions of necessary smooth class. The partial derivative are briefly
denoted a• = ∂a/∂x2, a
′
= ∂a/∂x3, a∗ = ∂a/∂v.
4 Main results:
Theorem 9 The nontrivial components of the Ricci d–tensors (8) for the ca-
nonical d–connection (6) are
R22 = R
3
3 = −
1
2g2g3
[g••3 −
g•2g
•
3
2g2
−
(g•3)
2
2g3
+ g
′′
2 −
g′2g
′
3
2g3
−
(g
′
2)
2
2g2
],
R44 = R
5
5 = −
1
2h4h5
[h∗∗5 − h
∗
5(ln
∣∣∣√|h4h5|
∣∣∣)∗], (15)
R4i = −wi
β
2h5
−
αi
2h5
, R5i = −
h5
2h4
[n∗∗i + γn
∗
i ],
αi = ∂ih
∗
5−h
∗
5∂i ln
∣∣∣√|h4h5|
∣∣∣ , β = h∗∗5 −h∗5[ln
∣∣∣√|h4h5|
∣∣∣]∗, γ = 3h∗5/2h5−h∗4/h4
h∗4 6= 0 and h
∗
5 6= 0.
Proof. It is provided in Ref. [2].
Corollary 10 The Einstein equations (12) for the ansatz (14) are compatible
for vanishing sources and if and only if the nontricial components of the source,
with respect to the frames (3) and (2), are any functions of type
Υ̂22 = Υ̂
3
3 = Υ2(x
2, x3, v), Υ̂44 = Υ̂
5
5 = Υ4(x
2, x3) and Υ̂11 = Υ2 +Υ4.
Proof. The proof, see details in [2], follows from the Theorem 9 with the
nontrivial components of the Einstein d-tensor, Ĝαβ = R̂
α
β −
1
2δ
α
β
←−
Rˆ, computed
to satisfy the conditions
G11 = −(R
2
2 +R
4
4), G
2
2 = G
3
3 = −R
4
4(x
2, x3, v), G44 = G
5
5 = −R
2
2(x
2, x3).
Having the values (15), we can proove [2] the
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Theorem 11 The system of gravitational field equations (11) (equivalently, of
(12)) for the ansatz (14) can be solved in general form if there are given certain
values of functions g2(x
2, x3) (or, inversely, g3(x
2, x3)), h4(x
i, v) (or, inversely,
h5(x
i, v)) and of sources Υ2(x
2, x3, v) and Υ4(x
2, x3).
Finally, we note that we have elaborated a new geometric method of con-
structing exact solutions in extra dimension gravity and general relativity theo-
ries. The classes of solutions define very general integral varieties of the vacuum
and nonvacuum Einstein equations, in general, with torsion and nonmetricity
and corrections from string theory, and/or noncommutative/quantum variables.
For instance, in five dimensions, the metrics are generic off–diagonal and depend
on four coordinates. So, we have proved in explicit form how it is possible to
solve the Einstein equations on nonholonomic manifolds (see mathematical prob-
lems analized in Refs. [22, 23]), in our case, provided with nonlinear connection
structure.
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